6.1 Steepest Descent M ethod

As moativation consder the membrane problem with smal deformation and in a

Seady date so that the potentid energy in a minimum.

Potential Energy @T (Jl+ u; +u; - 1) dxdy - fuDxDy

= aurfacetenson + externa work , where
T =tendon,
u = deformation and

f isexternd pressure on the membrane.

Usef(p)© 1+ p @f(0) +f ' (O)p

p:O(p' O)=1+1/2p

Letp= (uf +uj) o that

‘/1+u§ +Uf - 1@%(u§ +u§)
I - AP 0 , — _
P(u) = E(UX +uy) - fuzdxdy isan goproximation of the total potentia energy.
W a

One can show the following are equivaent formulations:

1. Potentia Energy

P(u) = min P(v) wherev isin a"suitable’ set of functions, S.



2. Weak Form

@y (ui +uj,)- @fi =0, foral “sitable’ |

3. Classca Form
-T(uxx+uw) =f.
For example, to show a potential energy solution isaweak solution, use u+1j in
P(u) sothat f(A) = P(u+1j ) isafunction of the real number A.. Because u minimizesthe

potentia energy, A = O will minimizef(A) so that f ‘(0) = 0, which corresponds to the
week equation.
Congder Ax =dwhere A is SPD and isfrom the classicd form. Thelinear sysem

is related to the potentia energy form where

Jx) =% x" Ax- x"d , from Jx) comes from the potential energy

AlgebraicLemma.  Jy) = Jx) + %(Y- X)"TAY- X)- (y- %) (%)

Proposition 1. If A is SPD, then 1 and 2 are equivaent
1. Ax =d,

2. JX) =min JXy).

Proof of Lemma.

Let y=x+(y - x).
Use A=A .



3(y) =I(x+y - X)
:%(H(y- )" A+ (y- X)) (x+(y- %) d

:%XTAX+%(y- x)TAx+%xTA(y- x)+%(y- X)) A(y- X)- x'd- (y- x)'d

= 39+ (y- )7 Ax- (y- x)Td+§(y- X)TA(Y- %)

=39~ (y- x)Tr(x)+§(y- X" Ay~ X).

Proof 1 implies2:
Ax=d meansr(x) =0.

Use the Algebraic Lemma, A being SPD and r(x) = 0to get

1) = X¥) +% (yX)TAQY-X) - 0% Xx).

Proof 2 implies1:

Wewant to show r(x) =0, that is, [r(x)]; = 0.
Thisisequivdent to showing [r(X)]i 3 Oand[r(X)]; £ O.
Sncey isahbitrary,

y =X+ (y - X) and choosey s0 that
y-x°le.

Jy) =Jx +l &), by the Algebraic Lemma

= X¥) +% (1 e)"A( &) -(l &)r()



= J%) +%I 2y - 1 [r(¥)]

0£ Jy)- Jx) =1 (%I ai -[rli)

SnceAisSPD, a; >0.

(8 Suppose[r(x)]i <0,

Letl - O.
So eventually (%I a -[(%)]}) >0,

Thisimplies Xy) - XX) <0, whichisa contradiction.
Therefore, we must have [r(x)]; 2 O.

(b) Suppose[r(x)]i >0,
Letl — 0. So eventudly(%l a; -[r(x)];) <0, and thisimplies

Jy) - XX) <0, which isacontradiction.

Then we must have [r(X)]; £ O.

Idea for Steepest Descent M ethod:

Letf(a ) = JC+ ap), and p be somedirection. We want to choose a so that f(a)

the smallest possible. Thisisasmpler problem because f isafunction of asngle

variable. In order to choose the direction p so that the directiond derivative of XX) is

the largest possible, we will need the following results.



Proposition 2. 1. Cauchy Inequality.
X'yl £ IXIEllyll
2. Directiond Derivetive.

R wharedu=1 3 o jjm SJOHW- (X
du du t®0 t

3. Direction of Steepest Descent.

e, |;i| = IR | whenu© R /IR o
u

Proof of 1:
0£ f()° (x+1y)"(x+1y)
=xX'x +22X'y +ty'y , becausex Ty =y "x.
f't)=0 implies t; =-xTyN'y.
f () =2y'y>0, 0 f(ty) isthemin. of f(t).
0£f(t)=x"x +2(-x "y y)x y)+ (- x "Y'y )Yy 'Y)
=x"x- (x 'y YHy'y

Thisimplies (x 'y)* £ (x ")(y"y) =(IX]lz llyll)*.

Proof of 2:

im JOFW- 10 PO U) - OO0, u,)

t®0 t t®0 tu,

U




N f(x+t(O,u,,..,u,))- f(x+t(0,0,u,,...,u,))
tu,

N f(x+t(0,...,0,un)zl; fO(0,0..,0)

n

= xlu1+...+fxnu] :me

Proof of 3:
df ~ - -
IEI=INf><UI £ [INflXqull = [INf | 1

Because |Jull® = (Nf/INF |)" (Nf /INF L) =1,
we may choose u = Nf /||Nf |.. Then for thisu

g_f: Rif > = Rif (R AINE ) = [IRF [
u

Therefore, the largest possible |j—f| isgiven by thisu.
u



6.2 Steepest Descent Algorithmin Multiple Directions

Consider JpC + ap). Wewant to choosea and p o that thisis the smallest

possible. Thisisasmpler problem because a isasingle number, and p isadirection so

that J should decrease most rpidly.

Proposition 3. If A issymmetric, then the direction of steepest descent is
NJ = -r(x).

Pr oof.

[NJ], =ﬂl(} X' Ax- x'd)

__(_a X|a1] i~ a de)

‘ﬂxZ
1 1
— —xd
ﬁﬂxag,,a}ﬂx

1o
Ee}lanxj+ axail 1d., usea. =4

Proposition 4. If A'isSPD, then

J(Xx") =min_ J(x +ar)where
_r'r
rTAr

Proof. Lef(a) =Jx +ap) wherep = -r, and use the Algebraic Lemmarto get

fla)=Jx) +1/2a’p'Ap-ap'r.



Thenf'(a)=0=a p'Ap- p'r, and note p’ Ap > O for nonzero p.
Thusfor p=-rwehavea =-r'r/r'Arandx" =x + a(-r).

Or, X'=x+(@'r/r"ADT.

Steepest Descent Algorithm.
x° = initid guess
for m =0, maxm
fm=d-AX"
a=rm m /fm Aflm
X™=x"+a

test for convergence.

The next residud rm+1 may be computed using the previous residual:
ez =d-AX™ =d- AX" +ary) =d- AX" - aArn = - aArn .
Thus, each iteration of the stegpest descent agorithm requires one matrix-vector product,

two dotproducts and one vector update.

Consder the partia differentia equetion - Uy - Uy = f(X,y) where u must be equa
to zero on the boundary of the unit square. In the Matlab code observe the use of array
operations. The vectors are represented as 2D arrays, and the sparse matrix A is not
explicitly stored. The product Ar isstored inthe 2D array . Herethe partid differentia
equation has right Sde equd to 200 + 200sin(px)sn(py), and the solution is required to

be zero on the boundary of (0,1)x(0,1). The steepest descent method appears to be



converging, but after 200 iterations the norm of the residua is still only about 102, Inthe
next section the conjugate gradient method will be described. One caculation isincluded
here and shows that after only 26 iterations of the conjugate gradient method, the norm of
the residua isabout 10, It isinteresting to note if the right side is 200sin(pX)sn(py),

then the steepest descent method will converge in one iteration....Why?

Matlab Steepest Descent Code (st.m)

cl ear;
n = 20;
h =1./n;
u(l:n+l1, 1: n+1) = 0. 0O;
r(1:n+1,1:n+1): . 0;
r(2:n,2:n)= 1000. *h*
for j= 2:n
for i = 2:n
r(i,j)= h*h*200*(1+sin(pi*(i-1)*h)*sin(pi*(j-1)*h));
end
end
q(1:
err
m= 0]
rho 0.0;
while ((err>.0001)*(n<200))
m = mtl;
ol drho = rho;
rho = sum(sum(r(2:n,2:n).22));
for j= 2:n
for i = 2:n
(i, j)=4.*r(i,j)-r(i-1,j)-r(i,j-1)-r(i+1,j)-r(i,j+1);
end
end
al pha = rho/sum(sum(r.*q));
u =u + al pha*r;
r = r - alpha*q;
err = max(max(abs(r(2:n,2:n))));
reserr(m = err;
end
m
sem | ogy(reserr)

h;

+

I Q n s
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Steepest Descent with Multiple Directions.

The steegpest descent method computes the smalest Xx) for each direction:
X =x%+a,r,
X =x+a,n =x"+af,+ajr, .
In order to obtain smdler vaues of Jx), we may minimize over larger dimensond sets
of functions given by multiple directions.
X =x°+¢l,
X? =x'+cyr, +¢r, (usetwo directions).
Next, co and ¢; now will be found so thet

min f(¢,c) where f(g,c)° J(X'+cr, +cyr,).
Co,C1

In generd, we consder m+1 directions

m+l _ m
X" = X"+ Gy +e-+C, T

m
f(c,;-c ) IJ(X"+cf, +---+C.r
0 m 0°'0 m'm

Find c = (co,...,Cm) SOthat min f(c). Usethe vector notation so that

z

ol : ,
l'J n (mtl)(m+2)" m
A= X+ R C

Xm+1:Xm+[r0 rm] u
m

BOPY

Findcsotha f(c)=J(x™ +Rc) isaminimum.



Proposition 5. If A is SPD, and R has full column rank, then ¢ such that f(c) is

minmumisgivenby (R"AR)c=R'r_.

Proof. Agan usethe Algebraic Lemmato obtain
(%) = (%) +§<Rcf ARS) - (RO,
Define

3(9)° SR ACRD)- (RY'™,

=Lohc- R,
2
where A° RTAR is SPD and d ° R'r,.

A° RTAR is SPD because A is SPD and R has full column rank. Use the
equivaence, given by Propostion 1, of the minimum of j(c) and the solution of

Ac=d.

One difficulty with this is that as m gets large more computations must be done to
find R'TAR = [r; TA 1] and then to solve (RTAR) ¢ = R'ry. If the residuds were
orthogona with respect to the inner product given by A, then the matrix R AR would be
diagond. The conjugate gradient method uses a verson of the Gram-Schmidt process to

ensure thisisthe case.



6.3 Conjugate Gradient Method

In order to smplify the solution of (RTAR)c = Ry, we will apply the Gram:
Schmidt process to the resduals and use the inner product given by the SPD matrix, A.

Thiswill convert the matrix (R" AR) into adiagona matrix.

Two directionsm = 1;

Po ° To

p, °n +bp
Choose b sothat (p,,p,), =0
(n +bp)'Ap, =0

r, Ap, + bp, Ap, =0
'rlTApo

T

, Where the p," Ap, > 0 because A is SPD.
Po AP,

So,b =

X2 = Xl + COpO + Clpl

= X'+ G+ G+ bpy)
=x" + Cf, +Cf,
Choose ¢, and ¢, so that
Jx* +c,p, +c,p,) isaminimum.
Thistrueif and only if
P'APc =P'r, where

P = [p, p,] and
&, t
Or,
& AR, Po Ap U g, _ ép, 'l
€ . T uée g - ¢ . u
&, Ap, P, Ap, g €&l ep, g



Proposition 6. Let A be SPD.
If @. po=ro
(b).  pr=r1+bopowherebg =-r1" Apo/po’ Apo,
(©. x'=x2+agrowhereag=ro ro/ro’ Arg
then
1. p1'Apo =0,
2. Po' 11 =0, and hence, ¢ =0,

3. pi'ri=riry, andhence, ¢ = r/p:  Apr = a1 ad
4. Bo = I’]_T r/ roT lo.
Overdl,p1 =11+ Bopo and>? =x* + a1 pu.

Proof of 1. By definitionof b.

Proof of 2.

L= r(x,) = d-Ax,
d-A(x,+a.p,)
(d-AX,) -aAp,

=1, - a,Ap,
Poh = Po (Fe@ AP
=1, r,-ap, Ap,
= 0.

Proof of 3.
plTrl = (rl + bO pO)T rl
= rlT r1 + bO pg rl

=r'r, +b, 0.



Proof of 4.
r'r =(r,-aAr) (r, -aAr)

= rTr, + (Oro O)Z(Aro) (Ar,)

rf Ar, = (1, - aAr)" A,

s
=r, Ar, - 00(Ar)(Ar)
0 0 (;l'Ar 0

0

Usethreedirections m=2;

x> =x* +¢,p,+ C,p,+ C,P,

pO © r0

p,°r,+byp,

p2 © r2 + blpl

Choose b, sothat (p,, p,), =0
(r, +b,p,)'Ap, =0

-, Apl

b, =
P'Ap,

min J(x* +c,p,+ cp, +C,p,) if and only if PTAPc =Pr,.

Or,

ép.' A 0 TAp, U 4 n ép.'r, U

“Po A, Po Apz, e u SPp I

¢ T Ue g e . u

e 0 pAy 0 ULy = epnd
u

é - é a
8 P; AR 0 pz Ap, & H épzT 29
Fortunately, we can show
P T, =P, =0and p, Ap, = p; Ap, =0so that
x* =x?+0p,+ 0p,+c,p, where
c, = p2T r2 — r2T r2
2T T T
P, AP, B AR

=a,.



Proposition 7. LetAbeSPDandm=2.
If (a). Letp,, x*, p, be defined asin Proposition 6.
(b). p,=r,+bp

— 'rzT Apl
P Ap,

b,

(). x*=x"+a,p

a. = rlTrl
1 T ]
P, Ap,
then
1. pOT r, = 0
2. plT r, = 0
3 plT Ap2 =0
4. poTApz =0
T T ror
5. p,r,=r,r, andhencec,= pZTZA:) 2 =a,
T
6_ b1 — r2-|- r.2 )
r.l r.l

Overdl,p, =r,+b,p, andx® = x* +a,p,.

Proof of 1.

r,=t-GAp
poT r2 :roT (rl 'ClApl)
=1, 5-al, Ap, .5 Ag =0
r0T (ro 'Q) Aro)
0.



Conjugate Gradient Method.

™ =x"+ap. (a represents the steepest descent formula.)

P, =r..+bp. (b repesentsthe "conjugate" direction (p,.., P, ). = 0)
min J(x™?) if and only if PTAPc=P'r_

€p, Ap, 0 O 0

U éc,u ¢ 0 0
é . u é.q é -
g 0 .00 ggig .6 oq
€ 0 o . 0O Ueé:a é 0 u
e ua g é u
A T , L
@ O 0 O pm Apmg gzma @pmrmg

Preconditioned Conjugate Gradient Algorithm (M =1 is Conjugate Gradient).

choose X,
solve Mr, =1, and p, =T,
for m=0,maxm

~T

r.r

a,=—7r— (steepest descent)
Pn AL,
Xm+l = Xm + am pm

ey =T - @, A0,
test for convergence

solve Mf .. =r_.. (preconditioning)
~ T
b — rm+1 r‘m+:L
m AT
rm rm

Pt =Fry T, P (conjugatedirection)



6.4 Preconditioned Conjugate Gradient

max|| |
min|| |

Error for the CG isafunction of the condition number of A, k,(A) =

The fastest convergence of the CG method occurswhen k ,(A) » 1. Preconditioning can
Be viewed as finding an equivalent AX =d such that
K,(A)- 1<K, (A)- 1
There are three equivalent descriptions of the CG scheme:
1. J(X™) =min. J(X" +¢r, +..oa+ C 1)
wherer; areresidud directions,
2. J(x™)=min, J(X"+c,p, +......+C_P,)
where p; are conjugate directions, and
3. J(x™) =min. J(X°+c,r, +CAr,.....+C,AT)

where A'ry are Krylov directions.
Proposition 8. If A isSPD, then 1,2 and 3 are equivaent.

Pr oof.
1« 2, seeforma proof on Stoer and Bulrich.

2« 3,seeKdley.

Connection among 1,2,3:

Let p be the conjugate directions as defined in the conjugate gradient agorithm.

pOO r.0



X'=x°+a,p,

[ =Ty~ a,Ap,

P =1 +bop,

x? :X1+a1p1
=x'+a,(;+b,p,)
=x'+a,(r,+b,r) ,residual directions
= XO +a0r0 +al(r0- a'O'Apo + boro)

=X’ +c,r,+cAr, ,Krylov directions.

Proposition 9. If AisSPD, then

m+1

™ x” é\/_ - 1_

where Ax =d, k, =k ,(A) and|x],” =

-
A

“Qutline of proof”
Use the Algebraic Lemma
J(X™Y - J(X) =21/2(x™ - x)T A(X™ - X)
:1/2||xm*1- x||A2.

X= XM =X (X ¢, Fonns c,A™,)
=X- X°- (G, e G,A™)
=x- xX°- (¢l +gA+......... G, A")r.

r,=d - Ax°
= Ax- Ax°
= A(X- X°%)

Ko X=X - G+ A G AT, A - X



=(I- (¢l +cA+......... G, A")A)(X° - X)

S0, by the Algebraic Lemma

2(3(x™) - I =[x K| * £ o, (A x- x)|,* where

0.(2)=1- (G z+ ...+, 2™).

To obtain an error estimate choose a"good"” polynomia gy (2).

Form of Preconditioner.

A=M- N

M is SPD

M?1=5'S

Ax=d

M-*Ax=M'd

S'SAx=S'd

SAS (STY=5H

(SAST)(S TX) = d

Let A= AST
X=STx

X,

(@Y
11

Apply CGto Ak=d and usethe definiion M ™' = S'S to get the PCG .

Examples.
1. M =diagonal part of A
or
= block diagona part of A
2. M = incomplete Cholesky factorization

3. M = incomplete domain decomposition



4. M for symmetric SOR splitting as follows:

Let w=1.

A=D- L- L

(D- L)x™"?=d+L"x" Forward SOR

(D- LN)x™ =d+ Lx™"? Backward SOR

=d+L(D- L)*(d+L"x™)

X™ = (D- L") [d+L({D- L) d+L x™)]
=(D-L")Y'd+(D- L")'L(D- )*d+(D- ') *L(D- L)L x"
=Mtd+M NX"

Mi=(D-LU)'+(D- U)L(D- L)*?

=(D- L)' [(D-L)+L](D- L)*
=(D-L")y'D(D- L)

Solve Mr=r
(D-L)D'D-L)F=r.

Forw?!1l

M= - wi ) EED - WLy,

Matlab Preconditioned Conjugate Gradient with SSOR (cgssor.m)

cl ear;

%

% Solves -uxx -uyy = 200+200sin(pi x)sin(pi y) with zero BCs
% Uses PCG with SSOR preconditioner

% Uses 2D arrays for the colum vectors

% Does not explicity store the matrix

%

w = 1.5;
n = 20;
h =1./n;

u(1l:n+1,1: n+l

)= 0.0;
r(l:n+l1,1:n+1)= 0.0;



rhat (1: n+l1, 1: n+1) = 0.0;
% Define right side of PDE

for j= 2:n
for i = 2:n
r(i,j)= h*h*(200+200*si n(pi*(i-1)*h)*sin(pi*(j-1)*h));
end
end

p(1l:n+l1, 1: n+l
g(1:n+1,1: n+l
err = 1.0;
m = 0;
rho = 0.0;
% Begin PCGiterations
while ((err>.0001)*(nm<200))
m = mtl;
ol drho = rho;
% Execute SSOR preconditioner

)= 0.0;
)= 0.0

for j= 2:n
for i = 2:n
rhat (i,j)=w(r(i,j)+rhat(i-1,j)+rhat(i,j-1))/4.;
end
end

rhat(2:n,2:n) = ((2.-wW)/wW*(4.)*rhat(2:n,2:n);

for j=n:-1:2
for i =n:-1:2

rhat(i,j)=w(rhat(i,j)+rhat(i+1,j)+rhat(i,j+1))/4.;

end

end

% Find conjugate direction
rho = sum(sum(r(2:n,2:n).*rhat(2:n,2:n)));

if (me=1)
p = rhat;
el se
p = rhat + (rho/ol drho)*p;
end
%
% Use the following line for steepest descent nethod
% p=r;
%

% Executes the matrix product g = Ap without storage of A
for j= 2:n

for i = 2:n

)=4.%p(i,j)-p(i-1,§)-p(i,j-1)-p(i+1,j)-p(i,j+1);

end
% Executes the steepest descent segnent
al pha = rho/ sum(sum(p. *q));
u = u + al pha*p;
r = r - alpha*q;
% Test for convergence via the infinity normof the residua



err = max(max(abs(r(ZIn,Zi n))))'
reserr(m = err;

end
m
sem | ogy(reserr)

Log(norm(r)) versusm for PCG with SSOR

11



6.5 Generalized Minimum Residual

If A isnot SPD, then the PCG will not be applicable becauseit is based on the
equivaent minimization of JX). Two dternatives, amoung others, are
1. replace Ax = d with the normal equations ATAx = A'd,
2. replace minimization of Jx) with the minimization of
r(x)"r(x) wherer(x) = d - Ax.
The norma equation gpproach can be computationdly expensive or ill-conditioned. In order to
meake the minimization of the resdua less computationdly less expensive, the minimizaion is

done over an m dimensiona subspace.

m-1 .
Definition. K, ={x|x= g a,A'r,} iscdled aKrylov space. The A'r,are called
0

Krylov vectors. A dight abuse of notation isto form amatrix, dso written asK,,, as

Km = [ro Aro Am-lro].

Definition.  Thegeneralized residual method isgiven by

m-1

S
X"=x"+ g a,A'r, where

0

r(X™Tr(x™ = minr(x) 'r(x) withx T x° + K.
If after m steps the method is restarted with XC replaced by X™, then it is

caled the GMRES(m) method.



The main benefit of usng the Krylov subspacesis that
AK, iscontained in K,

Thisis very useful in the solution of the minimization, which is rdaed to finding the least squares

solution of

AGC + B a, Ar) = d
0

AK a =r,.

In order to efficiently solve this least squares problem, we will congtruct an orthonormal
basis, one column vector per iteration, of Ky,. Let Vi, =[v; ... Vin] besuch abasis. Since
AK, iscontained in K., €ch column in AV, should be alinear combination of columnsin
V1.

Avi =v; hyy + v, by where, by the orthonormal basis property,
vi'Avy = hyy and Vo' Av; = hyy.
AV, =v; hyp + Vo hpy + v3 hg, Where, by the orthonormal basis property,

V1TAV2 = by, V2TAV2 = hy and V3TAV2 = hap.



The matrix form of thisis

(i:'hll h, u

a

[Ay, Av, —]=[v, v, v, ---]%hél Ei 3
80 0 g

AV, =V . H.
A isnxn, Vy, isnxm, and H isand (m+1)xm Hessenberg matrix. The QR factorization of
Hessenberg matrices are easy to compute via the Givens transformation.
Thefirgt column in Vy,, will be the normdized ro

fo=b v, wherew,"v; = 1 so that b = (1" ro) 2
Hence, rpisthe first column of Vi, times b, thet is,

fo=Vm+16 bwheree, =[10.....]".
Then the least squares problem can be written as

AKna =rg or

AVm a. = Vm+le_‘|_ b.

Propostion 10. The least squares solution of AK i, a = rq isgiven by the least squares

solution of Ha = e bwhere b = (1, '10)*? and AV, = Vi H.

Pr oof. AVna =Vhae b

Vm+]_H a. =



The least squares solution means R(a)"R(a ) isaminimum where

R@)=Vme1b-VnaHa .

Since V41 is orthonormal,
R@)" R@) = (V1€ b - ViniH @) (Vines€1 b - VinuaH a)
=(erb- Ha)" Vine1 Vi1 (61 b - Ha)
=(e.b-Ha)" (e b- Ha).

So, thisisthe least squares solution of Ha = e, b.

In order to find the least squares solution, we must solve the norma equations viathe
QR factorsof H. Let H = QR s0 that the norma equation becomes
H'Ha =H" e b
Ra= Q" enb.
The Givens transformation can be used to construct the QR factorization of H. Moreover, the
basis and Hessenberg matrix can be congtructed one column per iteration. The following
implementation solve the Poisson problem where the matrix product step is a sparse matrix

product, and the unknowns are listed in a 2D space grid array.

Matlab Code GMRES2d.m

% gnres nethod for Poi sson equation
% see C. T. Kelley's text

% see Matlab file gnres. m

cl ear;

% | nput data.

nx = 20;



ny = nx;

errtol =.0001;

kmax = 30;

% Initial guess.
x0(1l:nx+1, 1: ny+1) = 0.0;

x = x0;

h = zeros(knmax) ;

v = zeros(nx+1, ny+1, knmax) ;

¢ = zeros(kmax+1, 1);

s = zeros(kmax+1, 1);

b(1l:nx+1, 1: ny+1) = 200./(nx*nx);

r = b;

rho = sum(sun(r(2:nx,2:ny).*r(2:nx,2:ny)))".5;

g = rho*eye(kmax+1, 1);

errtol = errtol *rho;
v(2:nx,2:ny,1) =r(2:nx,2:ny)/rho;
k = 0;

% Begin gnres | oop
while((rho > errtol) & (k < kmax))
k = k+1;
% Matrix vector product.
v(2:nx,2:ny, k+1l) = -v(1l:nx-1,2:ny, k)-v(3:nx+1, 2: ny, k) -
v(2:nx,1:ny-1,k)-v(2: nx, 3:ny+1, k) +4. *v( 2: nx, 2: ny, k) ;
% Begin nodified GS. May need to reorthogonalize
for j=1:k
h(j,k) = sum(sum(v(2:nx,2:ny,j).*v(2:nx,2:ny, k+1)));
v(2:nx,2:ny,k+1l) = v(2:nx,2:ny,k+1)-h(j,k)*v(2:nx,2:ny,j);
end
h(k+1, k) = sum(sun(v(2:nx,2:ny, k+1).*v(2:nx, 2: ny, k+1)))".5;
if(h(k+1,k) ~= 0)
v(2:nx,2:ny, k+1) = v(2:nx,2:ny, k+1)/h(k+1, k);

end
% Apply old Gvens rotations to h(1:k,k).
if k>1
for i=1:k-1
hi k = c(i)*h(i,k)-s(i)*h(i+1, k)
hi pk = s(i)*h(i,k)+c(i)*h(i+1,Kk);
h(i, k) = hik;
h(i +1, k) = hipk;
end
end

nu = norm(h(k: k+1, k));
% May need better G vens inplenmentation
% Define and Apply new G vens rotations to h(k:k+1, k).
if nu~=0
c(k) h(k, k) / nu;
s(k) = -h(k+1, k)/nu;
h(k, k) = c(k)*h(k, k)-s(k)*h(k+1, k) ;
h(k+1, k) = 0;

gk = c(k)*g(k) -s(k)*g(k+1l);
gkp = s(k)*g(k) +c(k)*g(k+1);
g(k) = gk;

g(k+1) = gkp;

end



rho=abs(g(k+1));
mag( k) = rho;
end
% End of gnres |oop.
% h(1l:k,1:k) is upper triangular matrix in QR
y=h(1l:k, 1: k)\g(1:Kk);
% Form linear comnbination.
for i=1:k
X(2:nx,2:ny) = x(2:nx,2:ny) + v(2:nx,2:ny,i)*y(i);
end
sem | ogy( mag)
% mesh(x)
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